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Abstract
Thurston’s sphere packing on a 3-dimensional manifold is a generalization of Thus-
rton’s circle packing on a surface, the rigidity of which has been open for many years.
In this paper, we prove that Thurston’s Euclidean sphere packing is locally determined
by combinatorial scalar curvature up to scaling, which generalizes Cooper-Rivin-
Glickenstein’s local rigidity for tangential sphere packing on 3-dimensional manifolds.
We also prove the infinitesimal rigidity that Thurston’s Euclidean sphere packing can
not be deformed (except by scaling) while keeping the combinatorial Ricci curvature
fixed.
MSC (2010): 52C25; 52C26
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1 Introduction
In the study of hyperbolic metrics on 3-dimensional manifolds, Thurston ( [38], Chapter
13) proved the Andreev-Thurston theorem for circle packings with non-obtuse intersection
angles on surfaces, the rigidity part of which states that a circle packing is determined
by discrete curvatures on a triangulated surface. Thusrston’s work generalizes Andreev’s
work on the sphere [1,2] and Koebe’s work [23] for tangential circle packing on the sphere.
For a proof of Andreev-Thurston theorem, see [4, 7, 27,31,38,46].
A longstanding problem is whether the circle packings on surfaces could be generalized
to three or higher dimensional manifolds with the properties of circle packings on surfaces
preserved, including the rigidity and existence. Cooper-Rivin [6] introduced tangential
sphere packing on a 3-dimensional manifold, which was proved to be locally rigid [6, 14,
15, 33] and globally rigid [43]. Glickenstein [16] and Thomas [37] studied general discrete
conformal deformations of 3-manifolds and obtained some rigidity results in special cases.
The deformations of tangential sphere packing metrics by discrete curvature flows were
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studied in [8–15]. Thurston’s sphere packing on 3-dimensional manifolds is an analogy
of Thusrton’s circle packing on a surface and a natural generalization of Cooper-Rivin’s
tangential sphere packing, the rigidity of which has been open for many years. In this
paper, we study the infinitesimal and local rigidity of Thurston’s Euclidean sphere packing
on 3-dimensional manifolds.
Suppose M is a 3-dimensional connected closed manifold with a triangulation T =
{V,E, F, T}, where the symbols V,E, F, T represent the sets of vertices, edges, faces and
tetrahedra, respectively. We denote a triangulated 3-manifold as (M, T ) and denote the
simplices in T as {ij · · · k}, where i, j, k are vertices in V .
Definition 1.1 (Thurston’s sphere packing metric). Suppose (M, T ) is a triangulated
closed connected 3-dimensional manifold with a weight Φ : E → [0, pi2 ]. Thurston’s sphere
packing metric is a map r : V → (0,+∞) such that
(1) The length of the edge {ij} ∈ E between vertices i and j is
lij =
√
r2i + r
2
j + 2rirj cos Φij (1.1)
for Euclidean background geometry and
lij = cosh
−1(cosh ri cosh rj + sinh ri sinh rj cos Φij)
for the hyperbolic background geometry.
(2) The lengths lij , lik, lil, ljk, ljl, lkl determine a nondegenerate Euclidean or hyperbolic
tetrahedron for each tetrahedron {ijkl} ∈ T respectively.
A triangulated 3-manifold (M, T ) with a weight Φ is denoted as (M, T ,Φ) in the
following. When Φ ≡ 0, Thurston’s sphere packing metric is Cooper-Rivin’s tangential
sphere packing metric [6]. In this paper, we focus on Thurston’s Euclidean sphere packing
metrics. The geometric meaning of Thurston’s sphere packing metric is as follows. Given
a Thurston’s sphere packing metric r on (M, T ,Φ), a sphere Si of radius ri is attached
to each vertex i ∈ V , with the intersection angle of Si, Sj attached to the end points i, j
of an edge {ij} given by Φij . For each topological tetrahedron in T , the sphere packing
metric determines a nondegenerate Euclidean or hyperbolic tetrahedron by Definition 1.1.
Isometrically gluing the Euclidean (hyperbolic respectively) tetrahedra along the faces
gives rise to a piecewise linear (hyperbolic respectively) 3-manifold, which has singularity
along the edges and vertices. The combinatorial Ricci and scalar curvature are used to
describe the singularities along the edges and vertices respectively.
2
Definition 1.2 ( [32]). Suppose (M, T ) is a triangulated 3-manifold with a piecewise
linear metric. The combinatorial Ricci curvature along the edge {ij} ∈ E is defined to be
Kij = 2pi −
∑
{ijkl}∈T
βij,kl,
where βij,kl is the dihedral angle along the edge {ij} in the tetrahedron {ijkl} and the
summation is taken over tetrahedra with {ij} as a common edge.
We have the following infinitesimal rigidity for Thurston’s Euclidean sphere packing.
Theorem 1.3. Suppose (M, T ) is a triangulated closed connected 3-manifold with a
weight Φ : E → [0, pi2 ] satisfying
Φij + Φik + Φjk > pi,∀{ijk} ∈ F, (1.2)
or
Φ ≡ C ∈ [0, pi
2
]. (1.3)
Then Thurston’s Euclidean sphere packing on (M, T ,Φ) can not be deformed (except by
scaling) while keeping the combinatorial Ricci curvatures along the edges fixed.
Remark 1. Stoker conjecture for 3-dimensional piecewise constant curvature manifolds
asks whether the combinatorial Ricci curvature determines the cone manifolds [28,29,36].
In the case of Euclidean and hyperbolic cone manifolds with nonnegative combinatorial
Ricci curvature, the infinitesimal Stoker conjecture was proved by Mazzeo-Montcouquiol
[28], which states that every deformation preserving the combinatorial Ricci curvature
is trivial. For piecewise linear triangulated 3-manifolds generated by Thurston’s sphere
packing metrics, Theorem 1.3 generalizes the infinitesimal rigidity in [28] by removing
the condition of nonnegative combinatorial Ricci curvature. In this sense, Theorem 1.3
confirms a strong infinitesimal Stoker conjecture for piecewise linear cone 3-manifolds
generated by Thurston’s Euclidean sphere packing metrics.
Using the combinatorial Ricci curvature, one can further define the combinatorial scalar
curvature for Thurston’s Euclidean sphere packing metrics.
Definition 1.4. Suppose (M, T ,Φ) is a weighted triangulated connected closed 3-manifold
with a nondegenerate sphere packing metric. The combinatorial scalar curvature at a
vertex i for the sphere packing metric is defined to be
Ki =
∑
j∼i
Kij cos τij ,
where τij is the inner angle opposite to the edge with length rj in the triangle formed by
three edges with lengths ri, rj , lij .
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Remark 2. If Φij = 0 for any {ij} ∈ E, then we have τij = 0 and Ki =
∑
j∼iKij =
4pi −∑{ijkl}∈T αi,jkl, which is the combinatorial scalar curvature introduced by Cooper-
Rivin [6]. Here αi,jkl is the solid angle at the vertex i of the tetrahedron {ijkl} ∈ T .
Definition 1.4 is a modification of a definition of combinatorial scalar curvature introduced
by Glickenstein for general discrete conformal metrics [16].
Theorem 1.5. Suppose (M, T ) is a triangulated closed connected 3-manifold with a
weight Φ : E → [0, pi2 ] satisfying (1.2) or (1.3). If r is a nondegenerate Thurston’s Euclidean
sphere packing metric on (M, T ,Φ) with Kij(r) sin2 Φij ≥ 0,∀{ij} ∈ E, then there exists
a neighborhood U of r such that the sphere packing metrics in U are determined by
combinatorial scalar curvatures up to scaling.
Remark 3. The condition sin2 ΦijKij(r) ≥ 0 in Theorem 1.5 includes the case that
Kij(r) < 0 with Φij = 0 for the edge {ij} ∈ E. Specially, if Φ ≡ 0, then there is no
constraints on the combinatorial Ricci curvatures and Theorem 1.5 is reduced to the local
rigidity of tangential sphere packing in [6, 14, 15, 33]. Furthermore, the tangential sphere
packing has global rigidity [42].
Corollary 1.6. Suppose (M, T ) is a triangulated closed connected 3-manifold with a
weight Φ : E → [0, pi2 ] satisfying (1.2) or (1.3). If r is a nondegenerate sphere packing
metric on (M, T ,Φ) with Kij(r) ≥ 0 for any {ij} ∈ E, then there exists a neighborhood
U of r such that the sphere packing metrics in U are determined by combinatorial scalar
curvatures up to scaling.
Remark 4. For piecewise hyperbolic closed 3-manifold with nonnegative combinatorial
Ricci curvature, local Stoker conjecture was proved by Montcouquiol [29] and Weiss [41],
which states that the metric is locally parameterized by the combinatorial Ricci curvature.
For piecewise linear 3-manifolds with singular locus being a trivalent graph composed of
circles and edges and cone angles less than pi, Porti-Weiss [30] proved that the metric
is locally parameterized by the combinatorial Ricci curvature under the condition that
the manifold is not almost product. For piecewise linear triangulated closed connected
3-manifolds generated by Thurston’s sphere packing metric with nonnegative combina-
torial Ricci curvature, Corollary 1.6 states that the metric is locally parameterized by
the combinatorial scalar curvature up to scaling. In this sense, Corollary 1.6 confirms a
strong version of the local Stoker conjecture for cone manifolds generated by Thurston’s
Euclidean sphere packing metrics with nonnegative combinatorial Ricci curvature. Please
see [20,26,28–30,35,36,39–41] for related works on Stoker conjecture.
The basic idea to prove Theorem 1.3 and Theorem 1.5 is using Glickenstein’s vari-
ational formulas for Thurston’s sphere packing metrics to prove the local convexity of
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discrete Hilbert-Einstein functional. There are two main difficulties for the proof. The
first difficulty comes from the connectedness of the admissible space of sphere packing
metrics for a tetrahedron, i.e. Theorem 2.7, which is proved via the geometric center in
Section 2. The main idea of the proof comes from a new proof [44] of Bowers-Stephenson
conjecture for inversive distance circle packings on surfaces [3], which simplifies the proofs
of the Bowers-Stephenson conjecture in [19, 25, 43]. The second difficulty comes from the
negative semi-definiteness of discrete Laplacian for Thurston’s sphere packing metrics, i.e.
Theorem 3.2, which is proved in Section 3. The negative semi-definiteness is proved by
the property of diagonally dominant matrix under the condition (1.2). While under the
condition (1.3), the negative semi-definiteness is proved by continuity of eigenvalues of the
discrete Laplacian and calculations of a 3-dimensional determinant which is quite difficult
even in the tangential setting.
The paper is organized as follows. In Section 2, we prove the simply connectedness of
the admissible space of Thurston’s sphere packing metrics for a tetrahedron, i.e. Theorem
2.7. In Section 3, we introduce the definition of discrete Laplacian for Thurston’s sphere
packing metrics and prove its negative semi-definiteness, i.e. Theorem 3.2. In Section
4, using Glickenstein’s variational formulas for general discrete conformal variations of
piecewise flat 3-manifolds and the negative semi-definiteness of discrete Laplacian, we
prove the main results, i.e. Theorem 1.3 and Theorem 1.5.
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2 Admissible space of Thurston’s sphere packing metrics for
a tetrahedron
In this section, we study the admissible space of Thurston’s Euclidean sphere packing
metrics for a tetrahedron σ = {1234} ∈ T . Denote the vertices set, edge set and face set
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of the tetrahedron σ as Vσ, Eσ and Fσ respectively. Set
G0(l) =

0 1 1 1 1
1 0 l212 l
2
13 l
2
14
1 l212 0 l
2
23 l
2
24
1 l213 l
2
23 0 l
2
34
1 l214 l
2
24 l
2
34 0
 ,
which is the Cayley-Menger matrix.
Theorem 2.1 ( [45] Proposition 2.4.1). A Euclidean tetrahedron with edge lengths
l12, l13, l14, l23, l24, l34 is nondegenerate in R3 if and only if the lengths satisfy the triangle
inequalities for each face and detG0 > 0, where det is the determinant.
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Figure 1: tetrahedron
To simplify the notations, we set
κi = r
−1
i , cos Φ12 = x, cos Φ13 = y, cos Φ14 = z, cos Φ23 = u, cos Φ24 = v, cos Φ34 = w.
See Figure 1 for the notations. By direct calculations, we have
detG0 = 8(r1r2r3r4)
2Q,
6
where
Q =κ21(1− u2 − v2 − w2 − 2uvw) + κ22(1− y2 − z2 − w2 − 2yzw)
+ κ23(1− x2 − z2 − v2 − 2xzv) + κ24(1− x2 − y2 − u2 − 2xyu)
+ 2κ1κ2[x(1− w2) + yu+ zv + yvw + zuw]
+ 2κ1κ3[y(1− v2) + xu+ zw + xvw + zuv]
+ 2κ1κ4[z(1− u2) + xv + yw + xuw + yuv]
+ 2κ2κ3[u(1− z2) + xy + vw + xzw + yzv]
+ 2κ2κ4[v(1− y2) + xz + uw + xyw + yzu]
+ 2κ3κ4[w(1− x2) + yz + uv + xyv + xzu].
(2.1)
If the edge lengths are given by (1.1) with weights in [0, pi2 ], the triangle inequalities on the
faces are satisfied ( [38] Lemma 13.7.2, [43, 46]). By Theorem 2.1, we have the following
criteria for non-degeneracy of Thurston’s sphere packing metrics.
Corollary 2.2. A tetrahedron σ = {1234} generated by a Thurston’s Euclidean sphere
packing metric is nondegenerate in R3 if and only if Q > 0.
For the following applications, set
A1 =u
2 + v2 + w2 + 2uvw − 1, A2 = y2 + z2 + w2 + 2yzw − 1,
A3 =x
2 + z2 + v2 + 2xzv − 1, A4 = x2 + y2 + u2 + 2xyu− 1.
(2.2)
Note that there are some trivial cases that, for any r = (r1, r2, r3, r4) ∈ R4>0, the
tetrahedron generated by the sphere packing metric r degenerates. For example, if the
weights on the edges of the tetrahedron satisfy x = w = 1 and y = z = u = v = 0,
then it is straight forward to check Q = 0 for any (r1, r2, r3, r4) ∈ R4>0, which implies the
tetrahedron degenerates by Corollary 2.2. Please refer to Figure 2 for a configuration of
the four spheres. We can also choose another pair of opposite edges with weight 1 and
the other edges with weight 0, in which case the tetrahedron also degenerates for any
(r1, r2, r3, r4) ∈ R4>0. We will prove that these are the only exceptional cases that the
admissible space of Thurston’s sphere packing metrics for a tetrahedron is empty. Set S
as the set of weights on the edges of the tetrahedron with value 1 on a pair of opposite
edges and value 0 on the other edges, i.e.
S = {(x, y, z, u, v, w)|(1, 0, 0, 0, 0, 1), (0, 1, 0, 0, 1, 0), (0, 0, 1, 1, 0, 0)}. (2.3)
We require the weight on the edges to be a map η : Eσ → [0, 1] with η(Eσ) ∈W = [0, 1]6\S
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Figure 2: Degenerate sphere packing metric
in the following, where ηij = cos Φij . Set
h1 =κ1(1− u2 − v2 − w2 − 2uvw) + κ2[x(1− w2) + yu+ zv + yvw + zuw]
+ κ3[y(1− v2) + xu+ zw + xvw + zuv] + κ4[z(1− u2) + xv + yw + xuw + yuv],
2 =κ2(1− y2 − z2 − w2 − 2yzw) + κ1[x(1− w2) + yu+ zv + yvw + zuw]
+ κ3[u(1− z2) + xy + vw + xzw + yzv] + κ4[v(1− y2) + xz + uw + xyw + yzu],
h3 =κ3(1− x2 − z2 − v2 − 2xzv) + κ1[y(1− v2) + xu+ zw + xvw + zuv]
+ κ2[u(1− z2) + xy + vw + xzw + yzv] + κ4[w(1− x2) + yz + uv + xyv + xzu],
h4 =κ4(1− x2 − y2 − u2 − 2xyu) + κ1[z(1− u2) + xv + yw + xuw + yuv]
+ κ2[v(1− y2) + xz + uw + xyw + yzu] + κ3[w(1− x2) + yz + uv + xyv + xzu].
(2.4)
By Corollary 2.2, r = (r1, r2, r3, r4) ∈ R4>0 is a degenerate Thurston’s sphere packing
metric if and only if the corresponding κ = (κ1, κ2, κ3, κ4) ∈ R4>0 satisfies
Q = κ1h1 + κ2h2 + κ3h3 + κ4h4 ≤ 0. (2.5)
Remark 5. Similar decomposition of Q in (2.5) appears in [14, 15] for tangential sphere
packings. hl in (2.4) is the signed distance hijk,l of the geometric center cijkl of the
tetrahedron to the face {jkl} up to some positive factor if the tetrahedron is nondegenerate.
In fact, we have
hijk,l =
r2i r
2
j r
2
kr
2
l
12AijkVijkl
κlhl, (2.6)
where Aijk is the area of the triangle {ijk} and Vijkl is the volume of the tetrahedron.
Please refer to Subsection 3.1 for the definition of geometric center and signed distance
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and refer to Subsubsection 3.2.1 for the derivation of the formula (2.6). Note that hijk,l
is defined only for nondegenerate sphere packing metrics, while hl is defined for any r =
(r1, r2, r3, r4) ∈ R4>0.
Suppose (r1, r2, r3, r4) ∈ R4>0 is a degenerate Thurston’s sphere packing metric for a
tetrahedron σ = {1234}, which implies Q ≤ 0 by Corollary 2.2. In this case, we will prove
none of h1, h2, h3, h4 is zero. Furthermore, only one of h1, h2, h3, h4 is negative and the
others are positive.
Q ≤ 0 could be written as a quadratic inequality of κ1
A1κ
2
1 +B1κ1 + C1 ≥ 0
with
A1 =u
2 + v2 + w2 + 2uvw − 1,
B1 =− [2κ4(vx+ uwx+ uvy + wy + z − zu2) + 2κ3(ux+ vwx+ uvz + wz + y − yv2)
+ 2κ2(x− xw2 + uy + vwy + vz + uwz)],
C1 =− [κ24(1− u2 − x2 − y2 − 2uxy) + κ23(1− v2 − x2 − z2 − 2vxz)
+ κ22(1− w2 − y2 − z2 − 2wyz) + 2κ3κ4(uv + w − wx2 + vxy + uxz + yz)
+ 2κ2κ4(uw + wxy + v − vy2 + xz + uyz)
+ 2κ2κ3(vw + xy + wxz + vyz + u− uz2)].
(2.7)
Lengthy direct calculations show that the determinant ∆1 = B
2
1 − 4A1C1 is
∆1 = −4
[
κ22(1− w2) + κ23(1− v2) + κ24(1− u2)
+ 2κ2κ3(u+ vw) + 2κ2κ4(v + uw) + 2κ3κ4(w + uv)
]
·[
1− w2 − x2 − y2 − v2 − u2 − z2 + w2x2 + v2y2 + u2z2
− 2wyz − 2vxz − 2uxy − 2uvw − 2vxwy − 2uxwz − 2uvyz
]
.
(2.8)
Note that
κ22(1−w2) +κ23(1−v2) +κ24(1−u2) + 2κ2κ3(u+vw) + 2κ2κ4(v+uw) + 2κ3κ4(w+uv) > 0
for any (κ2, κ3, κ4) ∈ R3>0 and u, v, w ∈ [0, 1], which is in fact the square of the area of the
triangle {234} up to a positive factor 14r22r23r24 [19, 43, 46]. We have the following lemma
on the determinant ∆1.
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Lemma 2.3. If A1 = u
2 + v2 + w2 + 2uvw − 1 > 0, then the determinant ∆1 > 0.
Proof. To check the positivity of the determinant ∆1, we just need to check the
negativity of the following function
G =1− x2 − y2 − z2 − u2 − v2 − w2 + x2w2 + y2v2 + z2u2
− 2wyz − 2vxz − 2uxy − 2uvw − 2vxwy − 2uxwz − 2uvyz.
By direct calculations, we have
∂G
∂x
= −2x(1− w2)− 2(yu+ zv + yvw + zuw) ≤ 0,
which implies
G ≤ G|x=0 =1− y2 − z2 − u2 − v2 − w2 + y2v2 + z2u2 − 2yzw − 2uvw − 2yzuv.
(2.9)
Denote the last function in (2.9) as G1. Taking the derivative of G1 with respect to y gives
∂G1
∂y
= −2y(1− v2)− 2z(w + uv) ≤ 0,
which implies
G1 ≤ G1|y=0 = −(u2 + v2 + w2 + 2uvw − 1)− z2(1− u2).
By the condition u2 + v2 + w2 + 2uvw − 1 > 0, we have G1 < 0, which implies G < 0.
Therefore, the determinant ∆1 > 0. 
Remark 6. If we take Q as a quadratic function of κi, i ∈ {2, 3, 4}, results similar to
Lemma 2.3 hold for i ∈ {2, 3, 4}.
Lemma 2.4. Suppose (r1, r2, r3, r4) ∈ R4>0 is a degenerate Thurston’s sphere packing
metric on the tetrahedron σ = {1234} with the weight η(Eσ) ∈ W = [0, 1]6 \ S. Then
none of h1, h2, h3, h4 is zero.
Proof. We prove the lemma by contradiction. If one of h1, h2, h3, h4 is zero, there
should be another of h1, h2, h3, h4 which is nonpositive by (2.5). Without loss of generality,
we assume h1 = 0 and h2 ≤ 0. By h1 = 0, we have
κ1(u
2 + v2 + w2 + 2uvw − 1) =κ2[x(1− w2) + yu+ zv + yvw + zuw]
+ κ3[y(1− v2) + xu+ zw + xvw + zuv]
+ κ4[z(1− u2) + xv + yw + xuw + yuv] ≥ 0,
(2.10)
10
which implies that
A1 = u
2 + v2 + w2 + 2uvw − 1 ≥ 0.
If u2 + v2 +w2 + 2uvw− 1 > 0, we take Q = κ1h1 +κ2h2 +κ3h3 +κ4h4 ≤ 0 as a quadratic
inequality A1κ
2
1 + B1κ1 + C1 ≥ 0 of κ1. Then we have ∆1 > 0 by Lemma 2.3, which
implies
κ1 ≥ −B1 +
√
∆1
2A1
or κ1 ≤ −B1 −
√
∆1
2A1
.
Therefore, by the definition of h1 in (2.4), we have
h1 = −1
2
(2A1κ1 +B1) ≤ −1
2
√
∆1 < 0 or h1 = −1
2
(2A1κ1 +B1) ≥ 1
2
√
∆1 > 0
respectively, which contradicts to h1 = 0. Therefore, we have
u2 + v2 + w2 + 2uvw − 1 = 0, (2.11)
which implies
x(1− w2) + y(u+ vw) + z(v + uw) = 0,
y(1− v2) + x(u+ vw) + z(w + uv) = 0,
z(1− u2) + x(v + uw) + y(w + uv) = 0
(2.12)
by (2.10). By (2.11), at least one of u, v, w is positive. Without loss of generality, we
assume u > 0. Then we have x = y = 0 and z(1− u2) = 0 by (2.12), which implies z = 0
or u = 1.
Note that h2 ≤ 0 is equivalent to
κ2(y
2 + z2 + w2 + 2yzw − 1) ≥κ1[x(1− w2) + u(y + zw) + v(z + yw)]
+ κ3[u(1− z2) + v(w + yz) + x(y + wz)]
+ κ4[v(1− y2) + x(z + yw) + u(w + yz)].
(2.13)
In the case x = y = z = 0, (2.13) is equivalent to
0 ≥ (w2 − 1)κ2 ≥ κ3(u+ vw) + κ4(v + uw) > 0,
which is impossible. In the case x = y = 0, u = 1, we have v = w = 0 by (2.11). Then
(2.13) is equivalent to
0 ≥ (z2 − 1)κ2 ≥ κ3(1− z2) ≥ 0,
which implies z = 1. This is a contradiction to the condition η(Eσ) ∈ W = [0, 1]6 \ S.
This completes the proof. 
By Lemma 2.4, at least one of h1, h2, h3, h4 is negative and the others are nonzero if
(r1, r2, r3, r4) ∈ R4>0 is a degenerate Thurston’s Euclidean sphere packing metric on the
tetrahedron. Furthermore, we have the following result.
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Lemma 2.5. Suppose (r1, r2, r3, r4) ∈ R4>0 is a degenerate Thurston’s Euclidean sphere
packing metric on a tetrahedron with η(Eσ) ∈W = [0, 1]6 \S. Then there exists no subset
{i, j} ⊂ {1, 2, 3, 4} such that hi < 0 and hj < 0.
Proof. Without loss of generality, we assume h1 < 0 and h2 < 0. Then we have
κ1(u
2 + v2 + w2 + 2uvw − 1) > κ2[x(1− w2) + yu+ zv + yvw + zuw]
+ κ3[y(1− v2) + xu+ zw + xvw + zuv] + κ4[z(1− u2) + xv + yw + xuw + yuv]
and
κ2(y
2 + z2 + w2 + 2yzw − 1) > κ1[x(1− w2) + yu+ zv + yvw + zuw]
+ κ3[u(1− z2) + xy + vw + xzw + yzv] + κ4[v(1− y2) + xz + uw + xyw + yzu],
which implies
u2 + v2 + w2 + 2uvw − 1 > 0, y2 + z2 + w2 + 2yzw − 1 > 0,
and the following function
F :=(u2 + v2 + w2 + 2uvw − 1)(y2 + z2 + w2 + 2yzw − 1)
− [x(1− w2) + yu+ zv + yvw + zuw]2
is positive.
We claim that F ≤ 0 under the condition x, y, z, u, v, w ∈ [0, 1] and u2 + v2 + w2 +
2uvw − 1 > 0. Then the proof of the lemma follows by contradiction. The proof of the
claim is as follows.
F is decreasing in x, which is obvious. Therefore, we have
F ≤ F |x=0 =(u2 + v2 + w2 + 2uvw − 1)(y2 + z2 + w2 + 2yzw − 1)
− [y(u+ vw) + z(v + uw)]2. (2.14)
Denote the last function in (2.14) of y, z, u, v, w as F1. By direct calculations, we have
1
2
∂F1
∂y
=(w2 − 1)[y(1− v2) + z(w + uv)] ≤ 0.
Therefore
F1 ≤ F1|y=0 = (u2 + v2 + w2 + 2uvw − 1)(z2 + w2 − 1)− [z(v + uw)]2. (2.15)
Denote the last function in (2.15) as F2. Note that
∂F2
∂z = −2z(1 − u2)(1 − w2) ≤ 0.
Therefore
F2 ≤ F2|z=0 = (u2 + v2 + w2 + 2uvw − 1)(w2 − 1) ≤ 0.
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In summary, we have
F ≤ F |x=0 = F1 ≤ F1|y=0 = F2 ≤ F2|z=0 ≤ 0.
This completes the proof of the claim. 
Combining Lemma 2.4 and Lemma 2.5, we have the following proposition.
Proposition 2.6. Suppose (r1, r2, r3, r4) ∈ R4>0 is a degenerate Thurston’s Euclidean
sphere packing metric on a tetrahedron with η(Eσ) ∈ W = [0, 1]6 \ S. Then one of
h1, h2, h3, h4 is negative and the others are positive.
Remark 7. Combining with Remark 5, Proposition 2.6 has an interesting geometric
explanation as follows. If a nondegenerate tetrahedron becomes degenerate as the sphere
packing metric varies, the limit position of the geometric center of the tetrahedron lies in
the half space of the plane determined by a face that is opposite to the tetrahedron and in
the half spaces of the planes determined by the other three faces of the tetrahedron that
are on the same side of the tetrahedron.
Now we can prove the main result of this section.
Theorem 2.7. Suppose σ = {1234} is a tetrahedron of (M, T ). Then the admissible
space Ω1234(η) of Thurston’s Euclidean sphere packing metrics for a given weight η with
η(Eσ) ∈W = [0, 1]6 \ S is a simply connected nonempty set.
Proof. Suppose r = (r1, r2, r3, r4) is a degenerate sphere packing metric, then the
corresponding κ = (κ1, κ2, κ3, κ4) ∈ R4>0 satisfies (2.5). By Proposition 2.6, one of
h1, h2, h3, h4 is negative and the others are positive. Without loss of generality, we as-
sume h1 < 0. Then we have A1 = u
2 + v2 + w2 + 2uvw − 1 > 0 by the definition of h1.
Take Q ≤ 0 as a quadratic inequality A1κ21 + B1κ1 + C1 ≥ 0 of κ1, where A1, B1, C1 are
given by (2.7). As A1 = u
2 + v2 + w2 + 2uvw − 1 > 0, we have ∆1 = B21 − 4A1C1 > 0 by
Lemma 2.3. Therefore,
κ1 ≥ −B1 +
√
∆1
2A1
or κ1 ≤ −B1 −
√
∆1
2A1
.
Note that h1 < 0 is equivalent to κ1 >
−B1
2A1
by definition of h1. Therefore, κ1 ≥ −B1+
√
∆1
2A1
,
which implies κ1 >
−B1
2A1
and h1 < 0.
In the case A1 = u
2 + v2 + w2 + 2uvw − 1 > 0, we set
U1 = {((r1, r2, r3, r4) ∈ R4>0|κ1 ≥
−B1 +
√
∆1
2A1
},
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which is a closed domain in R4>0 bounded by an analytic graph on R3>0 and contained in
R4>0 \ Ω1234(η). U2, U3, U4 are defined similarly, if the corresponding Ai > 0. Note that
U1, U2, U3, U4 are mutually disjoint by Lemma 2.5, if they are nonempty.
If Aµ > 0 for µ ∈ P ⊂ {1, 2, 3, 4} and Aν ≤ 0 for ν ∈ {1, 2, 3, 4} \ P , then the space
of degenerate sphere packing metrics is ∪µ∈PUµ. The corresponding admissible space of
sphere packing metric is
Ω1234(η) = R4>0 \ ∪µ∈PUµ,
which is nonempty. Note that Ω1234(η) is homotopy equivalent to R4>0 because
U1, U2, U3, U4 are mutually disjoint and bounded by analytic graphs on R3>0. This im-
plies that, for any fixed weight η with η(Eσ) ∈ W = [0, 1]6 \ S, the admissible space
Ω1234(η) of sphere packing metrics is simply connected. 
Corollary 2.8. Suppose σ = {1234} is a tetrahedron of (M, T ). η is a weight on Eσ
with η(Eσ) ∈ W = [0, 1]6 \ S. Then the admissible space Ω1234(η) = R4>0 if and only if
A1 ≤ 0, A2 ≤ 0, A3 ≤ 0, A4 ≤ 0. Specially, if
Φij + Φik + Φjk ≥ pi (2.16)
for any face {ijk} ∈ Fσ, then the admissible space Ω1234 of Thurston’s Euclidean sphere
packing metrics is R4>0.
Proof. The first part of Corollary 2.8 follows from the proof of Theorem 2.7. For the
second part, note that
A1 = cos
2 Φ23 + cos
2 Φ24 + cos
2 Φ34 + 2 cos Φ23 cos Φ24 cos Φ34 − 1
=(cos Φ23 + cos Φ24 cos Φ34)
2 − sin2 Φ24 sin2 Φ34
=4 cos
Φ23 + Φ24 + Φ34
2
cos
Φ24 + Φ34 − Φ23
2
cos
Φ23 − Φ24 + Φ34
2
cos
Φ23 + Φ24 − Φ34
2
.
For Φij ∈ [0, pi2 ], we have
cos
Φ24 + Φ34 − Φ23
2
≥ 0, cos Φ23 − Φ24 + Φ34
2
≥ 0, cos Φ23 + Φ24 − Φ34
2
≥ 0.
Therefore, if Φ23 + Φ24 + Φ34 ≥ pi, we have cos Φ23+Φ24+Φ342 ≤ 0 and A1 ≤ 0. Similarly, if
Φ13 + Φ14 + Φ34 ≥ pi,Φ12 + Φ14 + Φ24 ≥ pi,Φ12 + Φ13 + Φ23 ≥ pi,
we have A2 ≤ 0, A3 ≤ 0, A4 ≤ 0 respectively. 
Remark 8. The condition (2.16) in Corollary 2.8 includes the case that Φij ∈ [pi3 , pi2 ].
Furthermore, the condition (2.16) allows some of the intersection angles to take values in
(0, pi3 ). However, the cases illustrated in Figure 2 should be excluded.
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Remark 9. The simply connectedness of the admissible space of tangential sphere packing
metrics for a tetrahedron was first proved by Cooper-Rivin [6]. The second author [42] gave
a different proof of the simply connectedness with an explicit description of the boundary
of the admissible space. Ge-Jiang-Shen [9] and Ge-Hua [8] gave some new viewpoints
on the method in [42] for tangential sphere packings. The proof of Theorem 2.7 for
Thurston’s sphere packing metrics unifies the proofs for simply connectedness in [9, 42].
This method was applied to prove the simply connectedness of the admissible space of
Thurston’s hyperbolic sphere packing metrics for a tetrahedron [22]. This method has
also been applied to give a new proof of the Bowers-Stephenson conjecture for inversive
distance circle packings on triangulated surfaces [44], which simplifies the proofs of the
Bowers-Stephenson conjecture in [19,25,43].
Using Ω1234(η), we can further define the following 10-dimensional set
Ω1234 = ∪η∈WΩ1234(η) = {(η, r) ∈W × R4>0|Q(η, r) > 0},
where we take Q as a function of η and r.
Corollary 2.9. The set Ω1234 is connected.
The proof of Corollary 2.9 follows easily from Theorem 2.7, the connectedness of W
together with the continuity of Q and is almost the same as that of Lemma 2.8 in [44], so
we omit the proof of Corollary 2.9 here.
If W˜ ⊂W is a connected subset of W , we can also define
Ω˜1234 = ∪η∈W˜Ω1234(η) = {(η, r) ∈ W˜ × R4>0|Q(η, r) > 0}. (2.17)
Similar to Corollary 2.9, we have
Corollary 2.10. The set Ω˜1234 is connected.
3 Discrete Laplacian of Thurston’s sphere packing metrics
3.1 Definition of Discrete Laplacian
If a nondegenerate tetrahedron is generated by a Thurston’s Euclidean sphere packing
metric, then the tetrahedron can be assigned a geometric center and a geometric dual
structure as follows. Suppose {ijkl} is a nondegenerate Euclidean tetrahedron generated
by a sphere packing metric. Then every pair of spheres attached to the vertices s, t ∈
{i, j, k, l} determines a unique plane Pst perpendicular to the edge {st}. Pst is the plane
determined by the circle Ss ∩ St if Ss ∩ St 6= ∅, otherwise it is the common tangent plane
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of Ss and St if the two spheres are externally tangent. Then the six planes associated to
the six edges intersect at a common point cijkl [17], which is called the geometric center
of the tetrahedron {ijkl}. Projections of the center cijkl to the four faces generate the
four centers cijk, cijl, cikl, cjkl of the four faces {ijk}, {ijl}, {ikl}, {jkl} respectively. The
centers of the faces could be further projected to the edges to generate the edge centers
cij , cik, cil, cjk, cjl, ckl of the edges {ij}, {ik}, {il}, {jk}, {jl}, {kl} respectively, which are
the intersections of edges and the corresponding perpendicular planes. Note that the
geometric center cijkl may not be in the tetrahedron {ijkl}. The signed distance of cijkl
to cijk is denoted by hijk,l, which is positive if cijkl is on the same side of the plane
determined by the face {ijk} as the tetrahedron, otherwise it is negative (or zero if the
center is in the plane determined by {ijk}). Similarly, we can define the signed distance
hij,k of the center cijk to the edge ij. The signed distance of cij to vertex i is dij and the
signed distance of cij to vertex j is dji. Obviously, we have dij + dji = lij . For Thurston’s
sphere packing metrics,
dij =
ri(ri + rj cos Φij)
lij
> 0.
The dual of the edge {ij} in the tetrahedron {ijkl} is defined to be the planar quadri-
lateral determined by cij , cijk, cijkl, cijl and the dual area Aij,kl of the edge {ij} in the
tetrahedron {ijkl} is defined to be the signed area of the planar quadrilateral determined
by cij , cijk, cijkl, cijl, i.e.
Aij,kl =
1
2
(hij,khijk,l + hij,lhijl,k). (3.1)
For a weighted triangulated 3-manifold (M, T ,Φ) with a nondegenerate Thurston’s Eu-
clidean sphere packing metric, we can also define the dual area l∗ij of the edge {ij} ∈ E,
which is
l∗ij =
∑
k,l
Aij,kl =
1
2
∑
k,l
(hij,khijk,l + hij,lhijl,k), (3.2)
where the summation is taken over the tetrahedra with {ij} as a common edge. Please
refer to [14–18] for more information on geometric center and geometric dual in general
cases. Using the geometric dual, the discrete Laplacian for Thurston’s Euclidean sphere
packing metrics is defined as follows.
Definition 3.1 ( [16]). Suppose (M, T ) is a triangulated 3-manifold with a weight Φ :
E → [0, pi2 ]. The discrete Laplacian of a nondegenerate sphere packing metric is defined to
be a linear map 4 : RV → RV such that
4fi =
∑
j∼i
l∗ij
lij
(fj − fi)
for any f ∈ RV , where l∗ij is the dual area of the edge {ij} given by (3.2).
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The discrete Laplacian could be defined for more general discrete conformal geometric
structures [16,17] and graphs [5].
3.2 Negative semi-definiteness of the discrete Laplacian
We will prove that the discrete Laplacian is negative semi-definite for a large class of
Thurston’s Euclidean sphere packing metrics on 3-manifolds.
Theorem 3.2. Suppose (M, T ) is a triangulated closed connected 3-manifold with a
weight Φ : E → [0, pi2 ] satisfying (1.2) or (1.3). Then the discrete Laplacian for Thurston’s
Euclidean sphere packing metrics is negative semi-definite with one dimensional kernel
{t(1, · · · , 1)|t ∈ R}.
Under the condition (1.2), the negative semi-definiteness of the discrete Laplacian is
proved using the property of diagonally dominant matrix. While under the condition (1.3),
the negative semi-definiteness of the discrete Laplacian is proved by the continuity of the
eigenvalue of the discrete Laplacian on a connected domain. As the proofs of negative
semi-definiteness of the discrete Laplacian under the condition (1.2) and condition (1.3)
are different, we present the proofs separately.
3.2.1 Proof of Theorem 3.2 under the condition (1.2)
Proof. By the Definition 3.1 of discrete Laplacian, for f ∈ RV , we have∑
i∈V
fi4fi =
∑
i∼j
l∗ij
lij
(fj − fi)fi = −1
2
∑
i∼j
l∗ij
lij
(fj − fi)2.
The negative semi-definiteness of the discrete Laplacian is equivalent to∑
i∼j
l∗ij
lij
(fj − fi)2 ≥ 0, ∀f ∈ RV .
An approach to prove the negative semi-definiteness of 4 is to prove l∗ij > 0, ∀{ij} ∈ E.
Recall that
l∗ij =
∑
k,l
Aij,kl =
1
2
∑
k,l
(hij,khijk,l + hij,lhijl,k).
To prove l∗ij > 0, we just need to prove hij,k > 0, hij,l > 0, hijk,l > 0 and hijl,k > 0. Note
that hij,k and hijk,l can be computed by
hij,k =
dik − dij cos γijk
sin γijk
(3.3)
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and
hijk,l =
hij,l − hij,k cosβij,kl
sinβij,kl
, (3.4)
where γijk is the inner angle at the vertex i of the triangle {ijk} and βij,kl is the dihedral
angle along the edge {ij} in the tetrahedron {ijkl}. See [16,17] for (3.3) and (3.4).
To simplify the notations, we denote ηij = cos Φij . Submitting dij =
ri(ri+rjηij)
lij
and
dik =
ri(ri+rkηik)
lik
into (3.3), we have
hij,k =
lijri(ri + rkηik)− likri(ri + rjηij) cos γijk
lijlik sin γijk
=
ri
2lij · lijlik sin γijk [2l
2
ij(ri + rkηik)− 2(ri + rjηij)lijlik cos γijk]
=
ri
2lij · lijlik sin γijk [2l
2
ij(ri + rkηik)− (ri + rjηij)(l2ij + l2ik − l2jk)]
=
ri
lij · lijlik sin γijk [rir
2
j (1− η2ij) + r2j rk(ηik + ηijηjk) + rirjrk(ηjk + ηijηik)]
=
1
2lijAijk
[r2i r
2
j (1− η2ij) + r2i rjrkΓijk + rir2j rkΓjik],
(3.5)
where Aijk =
1
2 lijlik sin γijk is the area of the triangle {ijk}, Γijk = ηjk + ηijηik and
Γjik = ηik + ηijηjk. Note that this is the result obtained in Lemma 2.5 of [43] with a
different definition of Aijk. Here we compute it directly.
It is straight forward to check that hij,k ≥ 0 by the condition ηij , ηik, ηjk ∈ [0, 1].
Furthermore, hij,k = 0 if and only if ηij = 1 and ηik = ηjk = 0, which corresponds to
Φij = 0 and Φik = Φjk =
pi
2 . Therefore, under the condition (1.2), we have hij,k > 0.
To compute hijk,l, take a unit sphere at i, which determines a spherical triangle with
edge lengths γijk, γijl, γikl and opposite inner angles βil,jk, βik,jl, βij,kl respectively. By
the spherical cosine law, we have
cosβij =
cos γikl − cos γijk cos γijl
sin γijk sin γijl
=
l2ijliklil
4AijkAijl
(cos γikl − cos γijk cos γijl)
=
l2ijliklil
4AijkAijl
(
l2ik + l
2
il − l2kl
2liklil
− l
2
ij + l
2
ik − l2jk
2lijlik
· l
2
ij + l
2
il − l2jl
2lijlil
)
=
1
16AijkAijl
[
2l2ij(l
2
ik + l
2
il − l2kl)− (l2ij + l2ik − l2jk)(l2ij + l2il − l2jl)
]
,
(3.6)
where Aijk and Aijl are the areas of triangles {ijk} and {ijl} respectively. Submitting
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(1.1), (3.5), (3.6) into (3.4), after lengthy calculations, we have
hijk,l =
r2i r
2
j r
2
kr
2
l
12AijkVijkl
{r−2l
(
1− η2ij − η2ik − η2jk − 2ηijηikηjk
)
+ r−1k r
−1
l
[
ηkl(1− η2ij) + ηik(ηil + ηijηjl) + ηjk(ηjl + ηijηil)
]
+ r−1j r
−1
l
[
ηjl(1− η2ik) + ηij(ηil + ηikηkl) + ηjk(ηkl + ηikηil)
]
+ r−1i r
−1
l
[
ηil(1− η2jk) + ηij(ηjl + ηjkηkl) + ηik(ηkl + ηjkηjl)
]},
(3.7)
where Vijkl is the volume of the tetrahedron and the formula AijkAijl sinβij,kl =
3
2 lijVijkl
is used in the calculations. Similar to the proof of Corollary 2.8, we have hijk,l > 0 under
the condition (1.2). This completes the proof of Theorem under the condition (1.2). 
3.2.2 Proof of Theorem 3.2 under the condition (1.3)
For a generic weight Φ : E → [0, pi2 ], hijk,l could be negative or zero. See [15] for an
example in the tangential case. The method in Subsubsection 3.2.1 no longer works. In
this case, we take the discrete Laplacian as a matrix Λ, where
Λij =

l∗ij
lij
, if j ∼ i;
−∑k∼i Λik, if j = i;
0, otherwise.
Note that Λ =
∑
σ∈T (Λσ)E , where Λσ is a 4 × 4 matrix defined for a tetrahedron σ =
{ijkl} ∈ T with
(Λσ)ij =
{
Aij,kl
lij
, if j ∼ i,
−∑j∼i(Λσ)ij , if j = i,
and (Λσ)E is the matrix extended by zeroes to a |V | × |V | matrix so that the matrix
(Λσ)E acts on a vector (f1, · · · , f|V |) only on the coordinates corresponding to the vertices
in σ. This notation is taken from [17]. Therefore, to prove the discrete Laplacian ∆ is
negative semi-definite, we just need to prove each matrix (Λσ)4×4 is negative semi-definite.
Following Glickenstein’s approach in Appendix of [15], we have the following result for the
matrix Λσ.
Proposition 3.3. Suppose σ = {ijkl} is a nondegenerate Euclidean tetrahedron gen-
erated by Thurston’s sphere packing metrics with a weight Φ ≡ C ∈ [0, pi2 ]. Then
Rank(Λσ) = 3 and the kernel of Λσ is {t(1, 1, 1, 1)|t ∈ R}.
As the proof of Proposition 3.3 is tedious direct calculations and not the main part of
paper, we put it in Appendix 5.
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Proof of Theorem 3.2 under the condition (1.3) As Λ =
∑
σ∈T (Λσ)E , to prove Λ is
negative semi-definite, we just need to prove that the three nonzero eigenvalues of Λσ are
negative for any σ ∈ T and any (η, r) ∈ Ω˜σ, where
Ω˜σ = ∪η∈W˜Ω1234(η) = {(η, r) ∈ W˜ × R4>0|Q(η, r) > 0}
with
W˜ = {η ∈ [0, 1]6 \ S|Φ ≡ C ∈ [0, pi
2
]}.
It is straight forward that W˜ is connected, which implies Ω˜σ is connected by Corollary
2.10. Especially, for η = (0, 0, 0, 0, 0, 0) and r = (1, 1, 1, 1), we have (η, r) ∈ Ω˜σ. By (3.5)
and (3.7), we have Aij,kl(η, r) > 0, which implies Λσ(η, r) is negative semi-definite with
rank 3 by the the proof in Subsubsection 3.2.1. Therefore three nonzero eigenvalues of
Λσ(η, r) are negative.
By Proposition 3.3, the rank of Λσ(η, r) is 3 for any (η, r) ∈ Ω˜σ. Combining the
continuity of eigenvalues and the connectedness of Ω˜σ in Corollary 2.10, we have three
nonzero eigenvalues of Λσ are negative for any (η, r) ∈ Ω˜σ. This implies the negative
semi-definiteness of Λσ and Λ =
∑
σ∈T (Λσ)E .
The kernel of Λ is {t(1, · · · , 1)|t ∈ R} follows from the connectedness of the manifold
M and the kernel of Λσ is {t(1, 1, 1, 1)|t ∈ R} for any σ ∈ T . 
4 Rigidity of Thurston’s sphere packing
Recall the definition of discrete Hilbert-Einstein functional
F =
∑
i∼j
Kijlij =
∑
i∼j
(2pi −
∑
βij,kl)lij .
By the Schla¨fli formula, we have dF =
∑
i∼jKijdlij , which implies
∂F
∂ri
=
∑
j∼i
Kij
∂lij
∂ri
= Ki.
Further calculations show
∂2F
∂ri∂rj
=
∑
s∼t
∑
u∼v
∂luv
∂rj
· ∂Kst
∂luv
· ∂lst
∂ri
+
∑
s∼t
Kst
∂lst
∂ri∂rj
,
which implies
HessrF = −
∑
σ={ijkl}∈T
[
RσD
T
σ (
∂β
∂l
)σDσRσ
]
E
+
∑
i∼j
KijHessr(lij), (4.1)
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where
Rσ = diag(r
−1
i , r
−1
j , r
−1
k , r
−1
l ),
(
∂β
∂l
)
σ
=

∂βij
∂lij
∂βij
∂lik
∂βij
∂lil
∂βij
∂ljk
∂βij
∂ljl
∂βij
∂lkl
∂βik
∂lij
∂βik
∂lik
∂βik
∂lil
∂βik
∂ljk
∂βik
∂ljl
∂βik
∂lkl
∂βil
∂lij
∂βil
∂lik
∂βil
∂lil
∂βil
∂ljk
∂βil
∂ljl
∂βil
∂lkl
∂βjk
∂lij
∂βjk
∂lik
∂βjk
∂lil
∂βjk
∂ljk
∂βjk
∂ljl
∂βjk
∂lkl
∂βjl
∂lij
∂βjl
∂lik
∂βjl
∂lil
∂βjl
∂ljk
∂βjl
∂ljl
∂βjl
∂lkl
∂βkl
∂lij
∂βkl
∂lik
∂βkl
∂lil
∂βkl
∂ljk
∂βkl
∂ljl
∂βkl
∂lkl

, Dσ =

dij dji 0 0
dik 0 dki 0
dil 0 0 dli
0 djk dkj 0
0 djl 0 dlj
0 0 dkl dlk

.
Recall the following important result of Glickenstein.
Theorem 4.1 ( [16], Theorem 31). Suppose σ = {ijkl} is a nondegenerate tetrahedron
generated by a sphere packing metric r : V → (0,+∞). Set ui = ln ri. Then we have
(1) if j ∼ i, then ∑
k∼i
dik
∂βik
∂uj
=
2Aij,kl
lij
,
(2) ∑
k∼i
dik
∂βik
∂ui
= −
∑
j∼i
2Aij,kl
lij
.
Remark 10. For the case of Euclidean tangential sphere packings on 3-dimensional man-
ifolds, Theorem 4.1 was first proved by Glickenstein [14]. Theorem 4.1 is valid for much
more general discrete conformal variations introduced by Glickenstein [16], including the
inversive distance sphere packing [3,16,17] and vertex scaling [24,34] on three dimensional
manifolds. Please refer to [16,18] for more details.
Applying Theorem 4.1 to (4.1), we have
HessrF = −2
∑
σ{ijkl}∈T
[RσΛσRσ]E +
∑
i∼j
KijHessr(lij) = −2RΛR+
∑
i∼j
KijHessr(lij),
where R = diag{r−11 , · · · , r−1|V |} and Λ is the matrix corresponding to the discrete Lapla-
cian. By direct calculations, we have
Hessr(lij) =
sin2 Φij
l3ij
(
r2j −rirj
−rirj r2i
)
E
21
embedded as a |V | × |V | matrix, which is positive semi-definite and has r = (r1, · · · , r|V |)
as a null vector. Therefore,
HessrF = −2RΛR+
∑
i∼j
Kij sin
2 Φij
l3ij
(
r2j −rirj
−rirj r2i
)
E
. (4.2)
By Theorem 3.2, r = (r1, · · · , r|V |) is in the kernel of HessrF , which implies HessrF has
a zero eigenvalue for any sphere packing metric.
Proof of Theorem 1.5 If r is a sphere packing metric with Kij(r) sin
2 Φij ≥ 0,∀{ij} ∈
E, then HessrF (r) ≥ 0 and the kernel of HessrF (r) is {t(r1, · · · , r|V |)|t ∈ R} by (4.2) and
Theorem 3.2. Therefore, HessrF (r) has a zero eigenvalue and |V |−1 nonzero eigenvalues.
Note that HessrF (r) has a zero eigenvalue with eigenvector r = (r1, · · · , r|V |) for any
sphere packing metric r. Therefore, there exists a convex neighborhood U of r such that
HessrF (r) ≥ 0 and the kernel of HessrF (r) is {t(r1, · · · , r|V |)|t ∈ R} for any r ∈ U .
Suppose there are two different sphere packing metrics rA and rB in U such that
Ki(rA) = Ki(rB), ∀i ∈ V . Set f(t) = F (trA + (1− t)rB). Then we have
f ′(t) = ∇F · (rA − rB) =
∑
i
(rA,i − rB,i)Ki(trA + (1− t)rB).
By Ki(rA) = Ki(rB),∀i ∈ V , we have f ′(0) = f ′(1). Furthermore,
f ′′(t) = (rA − rB)T ·HessrF |(trA+(1−t)rB) · (rA − rB) ≥ 0
by HessrF ≥ 0 in U , which implies f ′(t) is nondecreasing for t ∈ [0, 1]. By f ′(0) = f ′(1),
we have f ′(t) = f ′(0),∀t ∈ [0, 1] and f ′′(t) ≡ 0 in [0, 1], which implies rA = crB by the
fact that the kernel of HessrF (r) is {t(r1, · · · , r|V |)|t ∈ R} for any r ∈ U . 
For a generic Thurston’s sphere packing metric, we have the following result, which is
equivalent to Theorem 1.3.
Theorem 4.2. Suppose (M, T ) is a triangulated closed connected 3-manifold with a
weight Φ : E → [0, pi2 ] satisfying (1.2) or (1.3). Any nondegenerate Thurston’s Euclidean
sphere packing metric r ∈ Ω admits a neighborhood U ⊂ Ω such that if r ∈ U has the
same combinatorial Ricci curvature as r, then r = cr for some positive constant c.
Proof. We take the modified discrete Hilbert-Einstein functional
F = F −
∑
Kij(r)lij =
∑
Kijlij −
∑
Kij(r)lij
as a function of r = (r1, · · · , rN ). By direct calculations, we have
HessrF = −2RΛR+
∑
(Kij −Kij(r))sin
2 Φij
l3ij
(
r2j −rirj
−rirj r2i
)
E
.
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It is straight forward to check that HessrF · r = 0, which implies that Rank(HessrF ) ≤
|V | − 1. Furthermore, HessrF |r = −2RΛR, which is positive semi-definite with kernel
{tr|t ∈ R}. This implies that Rank(HessrF ) = |V | − 1 at r.
Note that the rank of a symmetric matrix is the number of nonzero eigenvalues. By the
continuity of the eigenvalues and Rank(HessrF ) ≤ |V |−1, there is a convex neighborhood
U of r such that Rank(Hessr(F )) = |V | − 1 and HessrF is positive semi-definite with
kernel {tr|t ∈ R} for any r ∈ U .
Note that
∇riF =
∑
j∼i
(Kij(r)−Kij(r))∂lij
∂ri
=
∑
j∼i
(Kij(r)−Kij(r)) cos τij .
If Kij(r) = Kij(r) for some r ∈ U , then we have ∇F (r) = ∇F (r) = 0. Define f(t) =
F (tr + (1 − t)r) = F (r + t(r − r)), then f(t) is a convex function on [0, 1] by f ′′(t) =
(r− r)T ·HessrF · (r− r) ≥ 0. f ′(t) = ∇F (tr+ (1− t)r) · (r− r) implies f ′(0) = f ′(1) = 0,
which gives f ′(t) ≡ 0 on [0, 1]. Then we have f ′′(t) = (r− r)T ·HessrF · (r− r) = 0, which
implies that r = cr by HessrF is positive semi-definite with kernel {tr|t ∈ R}. 
5 Appendix: Proof of Proposition 3.3
In this appendix, we describe a proof of Proposition 3.3. By the definition of Λσ, (1, 1, 1, 1)
is in the kernel of Λσ. We just need to show that Rank(Λσ) = 3. Set
Iijk =r
2
i r
2
j (1− η2ij) + r2i rjrkΓijk + rir2j rkΓjik,
Bijkl =2l
2
ij(l
2
ik + l
2
il − l2kl)− (l2ij + l2ik − l2jk)(l2ij + l2il − l2jl),
then (3.5) and (3.6) can be rewritten as
hij,k =
Iijk
2lijAijk
, cosβij =
Bijkl
16AijkAijl
. (5.1)
Moreover, hijk,l can be calculated as
hijk,l =
hij,l − hij,k cosβij
sinβij
=
16IijlA
2
ijk − IijkBijkl
48l2ijAijkVijkl
,
where we have used the fact sinβij =
3Vijkllij
2AijkAijl
. Set Cijkl = 16IijlA
2
ijk − IijkBijkl, then we
have
hijk,l =
Cijkl
48l2ijAijkVijkl
. (5.2)
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Combining (5.1), (5.2) with(3.1) gives
Aij,kl =
IijkCijklA
2
ijl + IijlCijlkA
2
ijk
192l3ijA
2
ijkA
2
ijlVijkl
.
Let Uσ = −2ΛσVijkl. Then
(Uσ)ij = −
IijkCijklA
2
ijl + IijlCijlkA
2
ijk
96l4ijA
2
ijkA
2
ijl
, i ∼ j,
the numerator and denominator of which are polynomials of ri, rj , rk, rl.
In order to show Rank(Λσ) = 3, we just need to prove that a 3-dimensional minor of
Uσ is none zero, which is a complicated symbolic calculation. Denote the determinant of
the (1, 2) minor of the matrix Uσ by M12, which is the submatrix of Uσ with the 1-th row
and the 2-th column removed. We will show that M12 < 0 if the Euclidean tetrahedron is
nondegenerate as follows.
Let x = cos Φ = cosC, then x ∈ [0, 1] for C ∈ [0, pi2 ]. Set
M˜12 = 884736A
4
ijkA
4
ijlA
4
iklA
4
jkll
4
ijl
4
ikl
4
ill
4
jkl
4
jll
4
klM12
to kill the denominator of M12. Without loss of generality, one can set ri = 1, rj =
r2, rk = r3, rl = r4 by the scaling property of Λσ and Uσ. Direct calculations show that
the nondegenerate condition detG0 > 0 is detG0 = 8(1 + x)
2M1 > 0, where
M1 =(1− 2x)
[
r22r
2
3 + r
2
2r
2
4 + r
2
3r
2
4 + r
2
2r
2
3r
2
4
]
+ 2x
[
r22r3r4 + r2r
2
3r4 + r
2
2r
2
3r4 + r2r3r
2
4 + r
2
2r3r
2
4 + r2r
2
3r
2
4
]
.
Therefore, the nondegenerate condition is equivalent to M1 > 0. The calculations of M˜12
and M1 are accomplished with the help of Mathematica. We provide the full Mathematica
codes and the relevant outputs of those codes as an ancillary file (determinant1.pdf) with
the arXiv version of this paper [21].
Set
M˜12 = q12 ·
l2ijl
2
ikl
2
ill
2
jkl
2
jll
2
klr
2
i r
2
j r
2
kr
2
l (1 + x)
9
16384
+R12.
Direct calculations with the help of Mathematica show R12 = 0, which implies M12 < 0
is equivalent to q12 < 0 under the condition that the tetrahedron is nondegenerate. The
decomposition of q12 is accomplished again with the help of Mathematica. The result is
q12 = M
2
1
14∑
i,j,k=0
Ci,j,k(x)r
i
2r
j
3r
k
4 .
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With the help of Mathematica, we give all the graphs and expressions of the coeffi-
cient functions Ci,j,k(x)(i, j, k = 0, · · · 14) for x ∈ [0, 1], which shows that the coefficients
Ci,j,k(x)(i, j, k = 0, · · · 14) are non-positive when x ∈ [0, 1] and not all zero at the same
value of x. Therefore, we have q12 < 0 if the sphere packing metric is nondegenerate,
which completes the proof of Proposition 3.3. For the calculations of R12, decomposition
of q12 and graphs and expressions of Ci,j,k(x), we provide the full Mathematica codes and
the relevant outputs of those codes as an ancillary file (determinant2.pdf) with the arXiv
version of this paper [21]. 
Here we give the full expression of q12 for some special weights. When Φ ≡ 0,
q12 = −6291456M21 r52(1 + r2)2r53(1 + r3)2(r2 + r3)2(1 + r2 + r3)r54(1 + r4)2
·(r2 + r4)2(1 + r2 + r4)(r3 + r4)2(1 + r3 + r4)(r2 + r3 + r4),
which coincides with the result obtained by Glickenstein [14, 15] for tangential sphere
packing metrics. If Φ ≡ pi3 ,
q12 =− 243
8
M21 (r2 + r3 + r2r3)
4(r2 + r4 + r2r4)
2(r3 + r4 + r3r4)
4(r3r4 + r2r3 + r2r4)
4
· [r3r4(1 + r3 + r4) + r22(r3 + r4 + r3r4) + r2(r3 + r23 + r4 + r23r4 + r24 + r3r24)].
In Proposition 3.3, we only prove the case that the intersection angles Φij are all the
same for any edge {ij} ∈ E due to the computer performance. However, it is conceivable
that Proposition 3.3 is true for any weight Φ : E → [0, pi2 ]. If Proposition 3.3 is true for
any weight Φ : E → [0, pi2 ], then Theorem 1.3 and Theorem 1.5 are true for any weight
Φ : E → [0, pi2 ].
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